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We show by a counterexample that Perret’s conjecture on in"nite class "eld towers
for global function "elds is wrong, and so Perret’s method of in"nite rami"ed class
"eld towers in the asymptotic theory of global function "elds with many rational
places breaks down. ( 1999 Academic Press1. INTRODUCTION
Let q be an arbitrary prime power and let K/F
q
be a global function "eld
with full constant "eld F
q
; i.e., K is an algebraic function "eld over the "nite
"eld F
q
with F
q
algebraically closed in K. By a rational place of K we mean
a place of K of degree 1. We write g (K) for the genus of K and N(K) for the
number of rational places of K. For "xed g50 and q we put
N
q
(g)"maxN (K),
where the maximum is extended over all global function "elds K/F
q
with
g(K)"g. Equivalently, N
q
(g) is the maximum number of F
q
-rational points240
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PERRET’S CONJECTURE 241that a smooth, projective, absolutely irreducible algebraic curve over F
q
of
given genus g can have.
The asymptotic theory of global function "elds with many rational places
is concerned with the behavior of N
q
(g) for "xed q and gPR. The basic
quantity in this theory is
A(q)"lim sup
g?=
N
q
(g)
g
,
where g runs through positive values. Lower bounds for A(q) are of great
interest in applications to algebraic-geometry codes. We refer to the books of
Stichtenoth [7] and Tsfasman and Vla\ dut [8] for known facts about A(q) and
their applications to algebraic-geometry codes; for very recent work see [5].
Perret [6] described a method of obtaining lower bounds for A(q) which is
based on in"nite rami"ed class "eld towers for global function "elds. How-
ever, this method depends on a conjecture which would provide a su$cient
condition for the in"nitude of certain rami"ed class "eld towers. In this note
we show by a counterexample that this conjecture is wrong. Before we can
state Perret’s conjecture, we need further notation and terminology.
Let K/F
q
be a global function "eld, let D be a positive divisor of K, and let
S be a nonempty set of rational places of K with S disjoint from the support
supp(D) of D. For a given prime l, the (l, D, S)-class ,eld K
1
of K is the
maximal abelian extension of K (in a "xed separable closure of K) with
a Galois group of exponent 1 or l such that the global conductor of K
1
/K
divides D and all places in S split completely in K
1
/K. If
D" +
P3supp(D)
m
P
P
with positive integers m
P
, then we de"ne the positive divisor D
1
of K
1
by
D
1
" +
P3supp(D)
+
Q DP
m
P
Q.
We let S
1
be the set of all places of K
1
lying over those in S. Now we iterate
the construction above by letting K
2
be the (l, D
1
, S
1
)-class "eld of K
1
, and so
on. In this way we obtain the tower
K"K
0
-K
1
-K
2
-2 ,
which is called the (l, D, S)-class ,eld tower of K. This tower is called in,nite if
K
n
OK
n‘1
for all n50.
242 NIEDERREITER AND XINGFor an abelian group G we write d
l
G for the l-rank of G. The following
conjecture was stated in [6, Conjecture 1].
Perret1s Conjecture. If
d
l
G#DS D41
4
(d
l
G)2
with G"Gal(K
1
/K), then the (l, D, S)-class "eld tower of K is in"nite.
2. THE COUNTEREXAMPLE
First we note the following lower bound for A(q) which can be easily
derived from [6] and is independent of Perret’s conjecture.
LEMMA 1. ‚et K/F
q
be a global function ,eld with g (K)’1, let p be the
characteristic of F
q
, and let D be a positive divisor of K whose support consists
of a single place. If the (p, D, S)-class ,eld tower of K is in,nite for some
nonempty set S of rational places of K with S disjoint from supp(D), then
A (q)5 2 DS D
2g(K)#deg(D)!2 .
Proof. The degree of the di!erent Di!(K
n
/K) of the extension K
n
/K
satis"es
deg(Di!(K
n
/K))4([K
n
:K]!1) deg(D)
by [6, TheH ore‘ me 1 and Proposition 4]. Therefore the Hurwitz genus formula
yields
2g(K
n
)!2"[K
n
:K](2g(K)!2)#deg(Di!(K
n
/K))
4[K
n
:K](2g(K)#deg(D)!2)!deg(D).
Hence we get
A(q)5lim sup
n?=
2N(K
n
)
2g (K
n
)
5 lim
n?=
2 DS D[K
n
: K]
[K
n
:K](2g(K)#deg(D)!2)!deg(D)#2
" 2 DS D
2g (K)#deg(D)!2 . j
PERRET’S CONJECTURE 243Our construction of a counterexample to Perret’s conjecture is based on
the theory of narrow ray class "elds; see [1, Chap. 7; 2] for expositions of this
theory. Let K/F
q
be a global function "eld with N (K)51 and distinguish
a rational place R of K. Let A be the ring of elements of K that are regular
outside R. The Hilbert class ,eld H
A
is the maximal unrami"ed abelian
extension of K (in a "xed separable closure of K) in which R splits
completely. Let M be a nonzero integral ideal of A and "(M) the correspond-
ing M-torsion module stemming from the action of a sign-normalized Drin-
feld A-module of rank 1 de"ned over H
A
. Then E
M
"H
A
(" (M)) is the narrow
ray class ,eld over K with modulus M.
Now we take q"2 and we consider speci"cally a global function "eld K/F
2
with g (K)"6 and N (K)"10. The following explicit example of such a func-
tion "eld is given in [3, Example 6]: K"F
2
(x, y
1
, y
2
) with
y2
1
#y
1
"x3#x, y2
2
#y
2
"x2 (x#1)((x#1)y1#x3)
x5#x4#x3#x2#1 .
Distinguish a rational place R of K and let the ring A be as above.
According to [10, Lemma 8] there exists a place of K of degree m52 as soon
as
2m!12 ) 2m@2’+
k
(2k#12 ) 2k@2),
where the sum is over all positive divisors k of m with k(m. It is easily
checked that this condition is satis"ed for m"18, and so there exists a place
P of K of degree 18. Now let E
M
be the narrow ray class "eld over K with
modulus M"P2. Note that the place R splits completely in E
M
/K by the
theory of narrow ray class extensions. Furthermore, we have
d
2
Gal(E
M
/K)5d
2
Gal(E
M
/H
A
)"d
2
(A/M)*"18,
where the last identity follows as in the proof of [4, Theorem 3]; that is, we
note that
(A/M)*"(A/P2)*K(F218[t]/(t2))*
and that the 2-Sylow subgroup of the last group is the direct product of the 18
cyclic subgroups S1#a
i
t#(t2)T, 14i418, where a
1
,2 , a18 form a basis
of F218 over F2
.
Since a subgroup of Gal(E
M
/K) generated by 9 Artin symbols has 2-rank at
most 9, it follows that there exists a sub"eld ‚ of E
M
/K such that all 10
244 NIEDERREITER AND XINGrational places of K split completely in ‚/K and Gal(‚/K)K(Z/2Z)9. Next
we need the following result.
LEMMA 2. =ith the notation above, the global conductor of ‚/K divides 2P.
Proof. By the theory of narrow ray class extensions, P is the only possible
rami"ed place in ‚/K. Thus, by [6, Proposition 1] it remains to show that
DG
2
D"1, where G
i
is the ith rami"cation group of P in ‚/K. Let d be the
di!erent exponent and e the rami"cation index of P in ‚/K and let a be the
least integer k50 such that DG
i
D"1 for all i5k. From [5, Lemmas 1 and 2]
we deduce that
c :"d#a
e
42.
Note that e"2r with 04r49. If r"0, then P is unrami"ed in ‚/K, and so
already DG
0
D"1. If r51, then DG
0
D"DG
1
D"2r by rami"cation theory. If we
had DG
2
D’1, then the Hilbert di!erent formula shows that
d’(2r!1)#(2r!1)"2r‘1!2.
Also a53, and so
c"d#a
e
’2r‘1#1
2r
’2,
which is a contradiction. j
Altogether, it follows that if S is the set of all 10 rational places of K and if
K
1
is the (2, 2P, S)-class "eld of K, then ‚-K
1
. This implies that
d
2
Gal(K
1
/K)5d
2
Gal(‚/K)"9,
and so the condition in Perret’s conjecture is satis"ed. Hence the validity of
this conjecture would imply that the (2, 2P, S)-class "eld tower of K is in"nite.
But then Lemma 1 would yield
A (2)5 2 DS D
2g(K)#deg(2P)!2"
10
23
’J2!1.
This contradicts the well-known bound A(q)4Jq!1 for all q due to
Vla\ dut and Drinfeld [9].
PERRET’S CONJECTURE 245This counterexample demonstrates that Perret’s conjecture is not valid in
general. Consequently, Conjecture 1@ in [6] is also wrong and the lower
bounds for A(q) in [6, Sect. III] remain unproved.
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